We construct particle-like solutions in Einstein-scalar-Gauss-Bonnet theories in four spacetime dimensions, representing globally regular spacetime manifolds. The scalar field diverges at the origin, but the effective stress-energy tensor is free from pathologies. We determine their domain of existence and compare with wormhole solutions, black holes and Janis-Newman-Winicourt-Wyman (JNWW) solutions, also known as Fisher solution. Many of the particle-like solutions represent ultracompact objects, featuring a lightring and echos.
with a scalar field φ, a coupling function F (φ), and the GB invariant R 2 GB = R µνρσ R µνρσ − 4R µν R µν + R 2 . Variation of the action with respect to the metric, respectively the scalar field, leads to the coupled set of field equations
with effective stress energy tensor
Here, we have denoted the derivative with respect to the scalar field by a dot, and we have definedR ργ αβ = η ργστ R στ αβ and η ργστ = ǫ ργστ / √ −g. Focussing on static spherically-symmetric solutions, we employ the line-element ds 2 = −e f0 dt 2 + e f1 dr 2 + r 2 dθ 2 + sin 2 θdϕ 2 ,
where f 0 and f 1 are functions of r only; likewise the scalar field depends only on r. Substitution of the ansatz for the metric and scalar field in the field equations yields a system of four coupled, nonlinear, ordinary differential equations. Three of them are of second order and can be reduced to a system of two independent second-order equations for f 1 and φ. The fourth equation is of first order and serves as a constraint that determines the form of f 0 in terms of f 1 and φ. We note that the equations are invariant under the scaling
Expansions.-We have performed an asymptotic expansion for r → ∞ up to O r −5 , showing asymptotic flatness, and yielding the mass M and the scalar charge D of the solutions [28] 
The expansion at the origin is more involved, however, it demonstrates regularity of the space-time at r = 0 in all cases we studied. Here, we restrict to polynomial coupling functions F (φ) = αφ n , n ≥ 2, and dilatonic coupling functions F (φ) = αe −γφ . For a polynomial coupling function, as r → 0, we assume power-series expansions for the metric functions and that the scalar field behaves like φ = φ c − c 0 /r + P φ (r), where P φ (r) is a polynomial. Substituting the expansions in the Einstein and scalar field equations, the expansion coefficients can be determined successively. It turns out that the lowest (non-zero) order is exactly n in the expansion of the metric functions and n − 1 in the expansion of P φ (r). For instance, for n = 2, we explicitly find
where f 0c , f 1c , ν 3 , φ c , and c 0 are arbitrary constants. The coefficients of all higher-order powers can be expressed in terms of these constants.
In the case of the dilatonic coupling function F = αe −γφ , with γ > 0, we instead assume a non-analytic behaviour of the form f i = f ic + p i (r) e −γ c 0 r + · · · for the metric functions, where c 0 > 0, p i (r) are polynomials in r, and · · · indicate terms of order less then e −γ c 0 r . A similar expression is employed for the scalar field but with the addition of the singular term −c 0 /r as in Eq. (8) . Then, to lowest power in e −γ c 0 r , we obtain
The effective stress-energy tensor (3) remains regular over the entire spacetime and for either form, polynomial or exponential, of the coupling function. At large distances, all components vanish in accordance to the asymptotically-flat limit. At the origin, for the quadratic coupling function, we find the following values
.
In terms of the energy density ǫ 0 = −T t t (0) and pressure p 0 = T r r (0) = T θ θ (0) = T ϕ ϕ (0), this can be expressed by the homogeneous equation of state p 0 (ǫ 0 ) = − 2 3 ǫ 0 . Interestingly, the stress-energy tensor at the origin does not depend on the mass or the scalar charge. Moreover, the energy density at the origin is negative for positive α. We note that for polynomial coupling functions with powers n > 2 and for the dilatonic coupling function all components of the stress-energy tensor vanish at the origin.
As expected, the spacetime itself remains everywhere regular. Substitution of the expansion Eqs. (7)- (8) in the curvature invariants yields for the polynomial coupling function with n = 2
while for higher powers n > 2 and for dilatonic coupling function the curvature invariants vanish at the origin. Numerical procedure and results.-In order to solve the ODEs numerically we introduce the new coordinate ξ = r0 r , where r 0 is a scaling parameter. When rescaling α → αr 2 0 , all ODEs become independent of r 0 . Hence we may choose r 0 = 1 without loss of generality. We treat the ODEs as an initial value problem using the fourth-order Runge Kutta method. The initial conditions follow from the asymptotic expansion of Eqs. (6)
We note that all higher-order terms in ξ can be expressed in terms of M , D and φ ∞ . Thus, for a given coupling function the solutions are completely determined by these three parameters. For the numerical procedure, we consider ξ min ≤ ξ ≤ ξ max , with ξ min = 10 −8 and ξ max = 100 for the quadratic coupling function, and ξ max = 10 for the dilatonic coupling function. Typical examples of these particle-like solutions are presented in Fig. 1, where we have introduced the scale invariant quantities d = D/M ,α = 8α/M 2 andr c = r c /M , with r c the circumferential radius. They clearly demonstrate the regularity of the metric at the origin, in full agreement with the asymptotic expansions.
In delimiting the domain of existence of these particle-like solutions, we again employ the scale invariant quantities d andα, restricting to α ≥ 0. The respective domains are exhibited in Fig. 2 for the dilatonic coupling function ( Fig. 2a ) and the quadratic coupling function (Fig. 2b) , with φ ∞ = 0. For the dilatonic coupling function, particle-like solutions exist when, for some fixed value ofα, the scaled scalar charge d is larger than a critical value d cr (α). The curve d cr (α) then forms the boundary of the domain of existence. In the limit d → d cr the solutions develop a cusp singularity.
For the quadratic coupling function, the domain of existence is bounded by solutions with cusp singularities and by singular solutions where g tt vanishes at some point. For a non-vanishing asymptotic value of the scalar field, i.e. φ ∞ = 1, the domain of existence consists of two disconnected regions. For φ ∞ = 0, the domain of existence has a more interesting structure. Due to the symmetry φ → −φ, all particle-like solutions come now in pairs with positive and negative scalar charge - Fig. 2b is restricted to positive values of D. Also, the domain of existence consists of many disconnected regions due to the emergence of excited solutions for largeα (only the first two regions are shown in Fig. 2b) . In some region of the domain of existence, independently of the value of φ ∞ , particle-like solutions appear where the spacetime around them possesses a throat and an equator.
Let us compare with the domain of existence of wormholes and black holes. For the dilatonic coupling function, the domains of existence of particle like solutions and wormholes do not overlap, although their boundaries where d = D/M is again the scaled scalar charge and s = 1/ 1 + d 2 /4. The singularity is located at r s = M/2s. The Schwarzschild black hole is obtained in the limit d → 0, corresponding to s → 1.
The EsGB solutions can be related to the aforementioned GR solutions as follows. In the limit d → ∞, the scale symmetry Eq. (5) implies the scaling of mass, scalar charge, and coupling strength as M → λM , D → λD and α → λ 2 α. When scaling with λ = 1/D, the coupling functions vanish in this limit, and we are left with a self-gravitating scalar field in GR. This solution can be obtained from the JNWW solution Eq. (14) in the limit d → ∞ for fixed r s , which implies s → 0 with fixed s d. Similarly, in the limitα → 0, for fixed d the particle-like solutions tend to the JNWW solution, if r is larger than the coordinate of the JNWW singularity, i.e. r > r s .
Observational effects.-A photon emitted by a source located at the origin is seen by an observer in the asymptotic region with a redshift factor z = λ asym /λ emit − 1, where λ asym,emit is its wavelength at detection and emission, respectively. This quantity depends on the metric component g tt (0) at the origin, and is given by the expression z = e −f0(0)/2 − 1 . For the dilatonic and quadratic coupling functions with φ ∞ = 1, the redshift factor increases with decreasingα, and takes very large values as the JNWW limit it approached. Interestingly, for particle-like solutions arising for the quadratic coupling function with φ ∞ = 0, the redshift factor can take both positive and negative values, and thus allow also for a gravitational blue shift.
Let us finally consider the energy density −T 0 0 and the mass function µ(r c ) defined via µ = −1/2 rc 0 T 0 0r 2 c dr c of these particle-like solutions, wherer c is the circumferential radius. These are illustrated in Fig. 3 for the quadratic coupling function (φ ∞ = 0). As expected from the shell-like behaviour of the energy density, shown in Fig. 3a , the mass function µ(r c ), shown in Fig. 3b , exhibits a characteristic steep rise towards its asymptotic value in the vicinity ofr c = 2 for many of the particle-like solutions, qualifying them as highly compact objects. This holds for both the quadratic and the dilatonic coupling function. Consequently, an inspection of their lightlike geodesics reveals that these also possess a lightring, i.e., a photonsphere, and thus represent UCOs [25] . This is illustrated in Fig. 4 , where the effective potential for lightlike geodesics is shown for the same set of solutions. The emergence of solutions which possess a photonsphere is indicated in Fig. 2 by the dashed curves. When considering the propagation of gravitational waves around these UCOs, the absence of a horizon will lead to a sequence of echos with decreasing amplitude [25, 26] . The study of these, however, will be deferred to a later time.
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